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Abstract—This paper focuses on tracking large groups of
objects, such as crowds of pedestrians. Large groups generate
multiple measurements with uncertain origin. Additionally, often
the sensor noise characteristics are unknown but bounded within
known intervals. Hence, these two types of uncertainties call
for flexible techniques capable of offering a solution in the
presence of data association and also to cope with the pres-
ence of nonlinearities. This paper presents a box particle filter
for large crowds tracking able to deal with such challenges.
The filter measurement update step is performed by solving
a dynamic constraint satisfaction problem (DSCP) with the
multiple measurements. The box particle filter performance is
validated over a realistic scenario comprising a large crowd of
pedestrians. Promising results are presented in terms of accuracy
and computational complexity.

I. INTRODUCTION

Tracking a large number of objects requires scalable algo-
rithms that are able to deal with large volumes of data with
the presence of clutter. Although groups are made up of many
individual entities, they typically maintain certain patterns of
motion, such as the case of crowds of pedestrians [1]. When
the number of objects in the group is huge, e.g. hundreds and
thousands, it is impractical (and impossible) to track them all
individually. Instead of tracking each separate component, the
whole group can be considered as one whole entity. Large
group techniques identify and track concentrations, typically
the kinematic states of the group and its extent parameters
[2].

Recent results for the modelling, simulating and visual
analysis of crowds are presented in [3] from the point of
view of computer vision, transportation systems and surveil-
lance. The social force model [4], [5], [3] has been used to
model behaviour of pedestrian, including evacuation of people
through bottlenecks. The social force model has also been
combined with some filtering techniques for multiple-target
tracking in [6].

There is a wealth of approaches that are developed to track
kinematic states of the crowd (e.g. the centre of the crowd)
and its size (extent parameters). Although, the problem of
tracking large groups has received attention in the literature, it
is far from being resolved due to the various challenges that
are present. Some of these challenges involve difficulties in
modelling the interactions between the entities of the crowd,
data association and dynamic shape changes of the crowd.
Some of the approaches that have been proposed include
mixtures of Gaussian components [7] and Random finite sets
(RFS) [8], [9], [10], [11]. A recent survey [12] presents key
trends in the area.

This work proposes a novel solution to the crowd tracking

problem based on the recently developed box particle filter
framework [13].

The box particle filter [14], [15], [16] relies on the concept
of a box particle, which occupies a small and controllable
rectangular region having a non-zero volume in the state space.
Key advantages of the box particle filter (Box-PF) against the
standard PF are in its reduced computational complexity and
in the present paper we demonstrate its suitability for solving
high dimensional problems. The key contribution of this paper
compared with our previous works such as [17] is that the
data association problem is solved as a dynamic constraint
satisfaction problem (DCSP).

The rest of this paper is organised in the following way.
Section II gives the formulation of the box particle filter.
Section III presents the adaptation of the box particle filter
for group object tracking which is followed by a performance
evaluation of the presented approach in Section IV. Finally,
conclusions are presented in Section V.

II. PROBLEM FORMULATION WITHIN THE INTERVAL

ANALYSIS FRAMEWORK

The crowd system dynamics and the sensor equations have
the following general form:

[xk] = [f ]([xk−1], [ηk])

= [f ]([xk−1,xk−1], [ηk
,ηk]), (1)

zk = h(xk,wk), (2)

where [xk] =
(

[Xk]
T , [Θk]

T
)T

⊂ R
nx is the unknown

system state interval vector at time step k, k = 1, 2, ...,K,
where K is the maximum number of time steps and nx is
the dimension of [xk]. The notation [·] stands for an interval
variable and (·)T is the transpose operator. The system function
f(·) and measurements function h(·) are nonlinear in general
and [f ](·) represents the inclusion function for the system. The
interval vector [xk] consists of the object kinematic interval
state vector [Xk] ⊂ R

nX and object extent, characterised
by the interval parameters vector [Θk] ⊂ R

nΘ , where nΘ is
the number of parameters to be estimated. In this paper the
crowd is surrounded by a rectangular shape and the unknown
parameters consists of the sides of the rectangle. The system
(kinematic state and parameters) noise and measurement noise
are given, respectively, by: [ηk] = ([ηs,k]

T , [ηp,k]
T )T and wk.

It is important to note that the state vector represents an
extended object and each element of that state vector is an
interval. Therefore, in the context of a rectangular shape, each
box particle can be seen as an interval rectangle. This is shown
in the next section.



The sensor is considered to collect point measurements
according to equation (2). Nevertheless, to express the mea-
surements uncertainty, intervals around these points are formed
with respect to the sensor position. The interval measurements
(likelihood boxes) vector is then given by [zk] = [zk, zk] ⊂
R

nz , for example based on the 3σ rule or on interval uncer-
tainty information given in the data sheet of the sensor. Here
nz denotes the dimension of the measurement vector.

A. Bayesian Framework

According to the Bayesian framework the state vector is
obtained in a recursive way based on the following equations,
for the prediction

p(xk|z1:k−1) =

∫

Rnx

p(xk|xk−1)p(xk−1|z1:k−1)dxk−1 (3)

and respectively for the update

p(xk|z1:k) =
p(zk|xk)p(xk|z1:k−1)

p(zk|z1:k−1)
, (4)

where p(xk|z1:k−1) is the prior state probability den-
sity function (pdf), p(xk|xk−1) is the state transition pdf,
p(xk−1|z1:k−1) is the posterior state pdf at time step k − 1,
p(xk|z1:k) is the posterior state pdf at time step k, p(zk|xk)
is the likelihood function and p(zk|z1:k−1) is a normalisation
factor.

B. Model of the Crowd

In this paper we consider the two-dimensional case, where
the state vector consists of the position coordinates and the
velocity of the centre of the crowd, the kinematic state vector
is in the form

[Xk] = ([xk], [ẋk], [yk], [ẏk])
T

= ([xk, xk], [ẋk, ẋk], [yk, yk], [ẏk, ẏk])
T , (5)

and the interval parameter vector, in its general form, is

[Θk] = ([θ1,k], [θ2,k], · · · , [θnΘ,k])
T

= ([θ1,k, θ1,k], [θ2,k, θ2,k], · · · , [θnΘ,k, θnΘ,k])
T . (6)

The motion of the interval centre of the group is modelled
by the nearly constant velocity model [18], [19]. The evolution
model for the interval state of the target is

[Xk] = A[Xk−1] + Γ[ηs,k]. (7)

The state transition matrix A1 =

(

1 Ts

0 1

)

for the two

dimensional case is given by A = diag(A1,A1), Γ =
(

T 2
s /2 Ts 0 0
0 0 T 2

s /2 Ts

)T

, Ts is the sampling interval.

The system dynamics noise [ηs,k] is characterised by the
standard deviation parameters σx and σy . Then the system
dynamics noise is represented as a Gaussian noise process
with covariance Q = diag(Q1σ

2
x,Q1σ

2
y), where Q1 =

(

T 4
s /4 T 3

s /2
T 3
s /2 T 2

s

)

. The evolution for the extent is assumed

to be a random walk model, described by the equation

[Θk] = [Θk−1] + [ηp,k], (8)

where the interval parameters noises [ηp,k] are characterised
by σθ ∈ R

nΘ . Then again, the augmented interval state vector
is [xk] = ([Xk]

T , [Θk]
T )T .

C. Observation Model

The collected measurements consist of range and bearing.
Two cases are considered: Case 1) the measurements come
from the border of the group (similar to an extended object),
i.e. the sensor has no visibility of the inner elements of the
group; Case 2) the measurements originate from within a
confined area. In this work the performance evaluation is
done using simulated measurements data. The total number of
measurements M obtained at each time step from the sensor
consists of NT measurements originating from the target and
C clutter measurements, i.e. M = NT +C. The measurement
equation for the measurement point j, j = 1, ...,M is of the
form:

z
j
k = h(xk,w

j
k). (9)

The range and bearing components are described respectively:

djk =

√

xj2
k + yj2k + wj

d,k, (10)

βj
k = tan−1 y

j
k

xj
k

+ wj
β,k, (11)

where xj
k and yjk denote the Cartesian coordinates of the actual

point of the source which generates the measurement in the
case of a two dimensional space. The measurement noise

w
j
k = (wj

d,k, w
j
β,k)

T , is assumed (but not restricted) to be

Gaussian, with a known covariance matrix R = diag(σ2
d, σ

2
β).

The interval measurements vector is [zj
k] = ([djk], [β

j
k])

T ,

where [djk] is the interval range and [βj
k] is the interval

bearing of the measurement point j. One way to describe these
components is:

[djk] = djk + [−3σd,+3σd], (12)

[βj
k] = βj

k + [−3σβ ,+3σβ ]. (13)

III. BOX PARTICLE FILTER FOR GROUP OBJECT

TRACKING

This section presents the algorithm for group object track-
ing in Table I and further discusses in details the update step.
In the Box PF the update step is performed by the contraction
of the box particles with the measurement boxes, based on
geometrical constraints. The constraints corresponding to each
measurement may change during the contraction step due to
the particularities of the geometrical shape, leading to a DCSP
[23], [24].

To visually exemplify the DCSP encountered in the
problem we look at a rectangular object example for Case
1). Figure 1(a) shows the measurements of an object of
interest that is approximated by a rectangular shape. The
uncertainty in the measurements are modelled by intervals
to obtain predicted interval measurements (Figure 1(b)).
A rectangular object, that is described by interval state
(position and parameters), can be presented as the union of
four “bands”. This can be called an interval rectangle. A



TABLE I. A BOX PARTICLE FILTER FOR GROUP OBJECT TRACKING

Initialization
Use the available prior information about the target’s kinematics and
parameters state to initialize the box particles.

Repeat for K time steps, k = 1, ...K, the following steps:

1) Prediction
Propagate the box particles through the state evolution
model to obtain the predicted box particles. Apply interval
inclusion functions as described in [20], [21].

2) Measurement Update
Upon the receipt of new measurements:

a) Form intervals around them, taking into account
the uncertainty of the sensor, thus obtaining the
measurement likelihood boxes [Zk].

b) Solve the DCSP, as described in Section III, to

obtain the contracted box particles [x̃
(p)
k ].

c) Calculate the likelihood terms p([zj

k]|[x
(p)
k ]), ∀

box particles p = 1, ..., N and ∀ measurement
boxes j = 1, ...Mk, as the volume ratio between
the contracted box particles and the predicted box
particles [13].

d) Calculate the weights w
(p)
k , p = 1, ..., N using

terms from step 2-c) and the spatial distribution
model derived in [22]:

p([zk]|[x
(p)
k ]) =

Mk
∏

j=1

(

1 +
λT

ρ
p([zj

k]|[x
(p)
k,c])

)

,

(14)

w
(p)
k = w

(p)
k−1

p([zk]|[x
(p)
k ])

∑N

i=1 p([zk]|[x
(i)
k ])

. (15)

3) Output
Obtain a box estimate for the state of the group object as
weighted sum of all of the particles:

[x̂k] =

N
∑

p=1

w
(p)
k [x

(p)
k ] (16)

and a point estimate x̂k for the group shape using the mid-
points of the box estimates of the state vector [x̂k].

4) Resampling

a) Computing the effective sample size:

Neff =
1

∑N

p=1(ŵ
(p)
k )2

b) Selection:
If Neff ≤ Nthresh (with e.g. Nthresh =
2N/3) resample by division of particles with high

weights. Finally, reset the weights: w
(p)
k = 1/N .

maximum of two of these bands can be seen by the sensor
at any given moment. This is visualised on Figure 1(c). The
visible area of the object is defined with respect to a sensor
(in this example positioned at the beginning of the coordinate
system). As plotted on Figure 1(d), the interval shape is
divided into 8 sections, labelled counter-clockwise, starting
with the lower left section. The numbers are corresponding to
the sets: s0, s1, s2, s3, s4, s5, s6, s7, s8, where s0 is the set for
the measurements that are outside of the interval shape. Each
of them is characterised by a different set of constraints. The
measurements or those parts of the measurements that fall
within each of the sections, are also shown on that figure.

The reason we need a DSCP is that for each measurement
and each box particle a decision has to be made on whether
the obtained measurement belongs to none of the sections,
exactly one of the sections, or multiple sections.

(a) Rectangularly-shaped extended
object of interest in blue and mea-
surements collected from it in red.

(b) Rectangularly-shaped extended
object of interest in blue and pre-
dicted measurement boxes in red.

(c) Visible area of the extended ob-
ject with respect of the sensor posi-
tion.

(d) Sections of the interval rectan-
gle shape that correspond to different
measurements constraints. The num-
ber labelling is counter-clockwise,
starting with the lower left section.

Fig. 1. Description of the contraction of the box particles with the
measurements, part 1.

For a rectangular shape, the set with static constraints
S1 contains the subsets {s2, s4, s6, s8} that have dependency
only on one of the coordinates x or y. The measurements
with dynamic constraints are those positioned in subsets with
dependency both on x and y: S2 ⊂ {s1, s3, s5, s7}.

One way to address the DSCP is to adopt a dynamic
approach:

1) Assign the measurements to their corresponding con-
straints.

2) Perform contraction with the set of measurements
S1, whose constraints remain unchanged during the
contraction.

3) Reassign the measurements to their corresponding
constraints to reflect any changes resulting from 2).

4) Perform contraction with the set of measurements S2,
whose constraints were changed.

A particular realisation of this DCSP approach for tracking
a group approximated by a rectangular shape is presented in
Table II. The time index k and the particle index p are omitted
for simplicity. Nevertheless, the contraction is applied for all
of the particles in the current time step.

The solution to the DCSP is illustrated by Figure 2. The
predicted box particles and the measurement boxes are shown
on Figure 2(a). Based on the position of the measurement
boxes the set S1 ⊂ {s2, s4, s6, s8} is defined. After the
contraction of the box particles with the set of measurements



TABLE II. DCSP FOR CONTRACTION OF RECTANGULARLY SHAPED

EXTENDED OBJECTS

Intervals corresponding to the sections of the interval rectangle for the two considered

cases:

Case 1)

[L] =[ 1, 1][ 1, 1] section 1

[ −1, 1][ 1, 1] section 2

[ −1, −1][ 1, 1] section 3

[ −1, −1][ −1, 1] section 4

[ −1, −1][ −1, −1] section 5

[ −1, 1][ −1, −1] section 6

[ 1, 1][ −1, −1] section 7

[ 1, 1][ −1, 1] section 8

Case 2)

[L] =[ −1, 1][ −1, 1]

1) Define the set of measurements with static constraints S1.

2) Solve the CSP to contract the box particles with the measurements from

S1.

[x̃m] = [x] ∩ ([mx,m] +
[am]

2
· [Ls,x]), (17)

[ỹm] = [y] ∩ ([my,m] +
[bm]

2
· [Ls,y ]), (18)

[ãm] = [a] ∩ 2
[x̃m] − [mx,m]

[Ls,x]
, (19)

[b̃m] = [b] ∩ 2
[ỹm] − [my,m]

[Ls,y ]
, (20)

[m̃x,m] = [mx,m] ∩ ([x̃m] −
[ãm]

2
· [Ls,x]), (21)

[m̃y,m] = [my,s] ∩ ([ỹm] −
[b̃m]

2
· [Ls,y ]), (22)

for all m ⊂ S1 and where s = s(m) is the index of the subset that contains

the measurement m.

3) Obtain the elements of the contracted state vector for each box particle as

the hull of the intersections from 2) that are relevant to the x coordinate and

side a (sections 4 and 8), and to the y coordinate and side b (sections 2

and 6). Hull is defined as hull(Ad) := [min
d

{Ad},max
d

{Ad}] .

[x] = {hull([x̃m]) : m ⊂ {s4, s8}},

[y] = {hull([ỹm]) : m ⊂ {s2, s6}},

[a] = {hull([ãm]) : m ⊂ {s4, s8}},

[b] = {hull([b̃m]) : m ⊂ {s2, s6}}.

Continue with steps 4)-6) only for Case 2):

4) Define the set of measurements with dynamic constraints S2.

5) Solve the CSP, as in step 2), to contract the box particles but now with

the measurements from S2.

6) Obtain the elements of the contracted state vector as the hull of the

intersections from 5) for the measurements in the set S2:

[x] = {hull([x̃m]) : m ⊂ S2},

[y] = {hull([ỹm]) : m ⊂ S2},

[a] = {hull([ãm]) : m ⊂ S2},

[b] = {hull([b̃m]) : m ⊂ S2}.

included in S1 the interval uncertainties of the particles are
reduced. The result is shown on Figure 2(b). The measure-
ments are reassigned to their corresponding constraints. The
box particles are then contracted again with the reassigned
set of measurements included in S2. The result is shown on
Figure 2(c). The weights are obtained as the ratio between
the contracted and the predicted box particles. The estimate is
calculated both as an interval and as a “point” value (taken as
the centre of the box) and is shown on Figures 2(d) and 3.

In Case 2) only one interval section is required to describe
the area within the confined interval rectangle. In that case the
general description from Table II is reduced to steps 1)-3) and
the CSP does not require dynamic constraints.

(a) Predicted box particles in black
and measurements in red.

(b) Predicted box particles in black,
measurements in red, and contracted
box particles (cyan), based on the
constraints for sections 2, 4, 6, 8.

(c) Predicted box particles in black,
measurements in red, and contracted
box particles (magenta) after reas-
signment of the sections for the mea-
surements.

(d) Predicted box particles in black,
measurements in red, and contracted
box particles (magenta), interval es-
timated (green), “point” estimate
(black line) and original object po-
sition (blue line).

Fig. 2. Description of the contraction of the box particles with the
measurements, part 2.

Fig. 3. Tracking of an object with rectangular shape. The predicted particles
are given in black colour. The scaled (for the purpose of visualisation) weights
of the contracted particles are shown in magenta. The predicted measurement
boxes are visualised in red, the estimated box shape is given in green, the
“point” shape estimate is shown as black line and the original group object
as blue line.
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(a) Initialisation of the box particles. The uncertainty area is large. The predicted
box particles are in black color. Overlayed are the contracted box particles in
green. The estimate is shown in cyan colour.
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(b) The estimate converges to the shape of the group and follows the group
shape when it enters the bottleneck of the corridor.
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(c) The group is in the corridor and the estimated state vector follows both its
position and shape correctly.
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(d) When the splitting occurs, the group is still tracked as a whole.

Fig. 4. Snapshots of the tracking scenario in Case 2)

IV. PERFORMANCE EVALUATION

A. Test Environment

Case 1) The implementation of the Box PF for tracking
a rectangular group object is evaluated using a simulated
scenario with clutter. The object with sides a = 2.5m and
b = 5m is moving in a way that the area of visibility is
changing.

Case 2) The measurements are generated from 100 targets
moving in a realistic manner as a group as shown in Figure 4.
The dynamics of the group is determined by forces of attraction
and repulsion between the elements of the group, contextual
constraints and also the attraction to three goal positions. The
scenario offers a dynamic change in the shape of the group.

B. Algorithm

The state vector of the Box PF consists of 6 dimensions:
position and speed of the centre for x- and y-coordinates,
and length and width parameters of the rectangle. The nearly
constant velocity motion model is used for the position and
random walk for the parameters (length and width). The
following parameters are used in the simulation for the perfor-
mance evaluation:

• Motion model

◦ Power spectral density of the acceleration er-
rors in the NCV motion model:

Case 1)

∗ qx = 10−5m2/s3;
∗ qy = 10−5m2/s3;

Case 2)

∗ qx = 5 ∗ 10−5m2/s3;
∗ qy = 5 ∗ 10−5m2/s3;

◦ Standard deviation for the Gaussian white
noise in the random walk model for the sides:

Case 1)

∗ σa = 0.01m/s;
∗ σb = 0.01m/s.

Case 2)

∗ σa = 0.1m/s;
∗ σb = 0.1m/s.

• Filter parameters:

◦ Number of box particles: 100;
◦ Presumed uncertainty for the filter NCV mo-

tion model for the position and random walk
change of the sides is equivalent to 3σ interval,
based on the parameters in the true motion
model:

Case 1)

∗ σx = [−0.0123, 0.0123];
∗ σẋ = [−0.0162,−0.0162];
∗ σy = [−0.0123, 0.0123]
∗ σẏ = [−0.0162,−0.0162].

Case 2)

∗ σx = [−0.0272, 0.0272];
∗ σẋ = [−0.0362,−0.0362];
∗ σy = [−0.0272, 0.0272]
∗ σẏ = [−0.0362,−0.0362].



◦ Sampling time:

Case 1) Ts = 1 sec;
Case 2) Ts = 1/8 sec;

◦ Average number of measurements:

Case 1) MT = 20;
Case 2) MT = 100;

◦ Clutter density:

Case 1) ρc = 10−4;
Case 2) no clutter.

The results are averaged over 100 MC runs.

C. Results

In the performance results of Case 1), during the first ∼ 85
steps two of the sides are visible from the sensor. For the period
between steps ∼ 85 to ∼ 115 only one side of the object
is visible. After step ∼ 115 another side (second) becomes
visible. The result of this can be seen on the performance
graph on Figures 5-7.

In the performance evaluation graph for Case 2), in Fig-
ure 8, three distinguishable moments can be noticed. The first
one is at the point when the group enters the bottleneck of
the corridor, around time step 800 or the 100th second. The
peak in the error at time step 1500 is due to the specificity
of the motion model, causing the targets to ”run” towards
the first nearly approached target. This is only an issue of
proper selection of the filter parameters and will be examined
further. In the last section of the tracking scenario, starting
at around time step 1800, the targets within the group are
splitting into three smaller groups. This causes increase in the
estimated error due to the contraction of the different particles
with different sections of the group combining two smaller
groups.
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Fig. 5. Performance of the Box PF for tracking rectangular group object
with measurements from the border, 100 box particles, RMSE of the position.

V. CONCLUSION

This paper proposes an Box Particle Filter algorithm for
tracking a large group of objects. The filter adaptively tracks
the envelop of a crowd, even when the crowd is splitting. Two
different cases with a rectangularly shaped group target are
considered. One assumes that only the boundaries of the group
are visible and the other exploits the internal measurements.
The Box Particle Filter performance is evaluated over a re-
alistic example for a large crowd of pedestrians. The RMSE
for the position, velocity and the group size parameters are
presented which shows accurate tracking results.
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Fig. 6. Performance of the Box PF for tracking rectangular group object
with measurements from the border, 100 box particles, RMSE of the velocity.

0 50 100 150 200
0.2

0.4

0.6

0.8

1

1.2

Time steps, s

R
M

S
E

, 
m

side A

side B

Fig. 7. Performance of the Box PF for tracking rectangular group object
with measurements from the border, Case 1, 100 box particles, RMSE of the
sides.
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Fig. 8. Performance of the Box PF for tracking rectangular group object
with measurements from the inner area of the shape, 100 box particles.
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